
Mathematics Guild Guild PS-5

Mathematics Guild

Problem Set - 5

Challenge posed on: 22/07/2025 Challenge conquered by: 31/07/2025

1 Solutions

1. Real answers live in imaginary places? Evaluate:∫ 1

0

tan−1

(√
3(1− x)

1 + x

)
ln(1− x+ x2)dx

Solution steps:

1− x+ x2 =
1

4

(
3(1− x)2 + (1 + x)2

)
,

= ℑ
∫ 1

0

ln2

(
1 + x

2
+ i

√
3(1− x)

2

)
dx,

=

∫ 1

0

ln2

(
1 + i

√
3

2
+ x

1− i
√
3

2

)
dx,

=

∫ 1

0

ln2
(
eiπ/3 + xe−iπ/3

)
dx.

Substitute
y = eiπ/3 + xe−iπ/3, dy = e−iπ/3dx,

so
dx = eiπ/3dy.

Changing integration limits:

x = 0 =⇒ y = eiπ/3, x = 1 =⇒ y = 1 + eiπ/3e−iπ/3 = 1 + 1 = 1+?

Actually, since y = eiπ/3 + xe−iπ/3, at x = 1,

y = eiπ/3 + e−iπ/3 = 2 cos(π/3) = 2 · 1
2
= 1.

So, ∫ 1

0

ln2(eiπ/3 + xe−iπ/3)dx = eiπ/3
∫ 1

eiπ/3

ln2(y)dy.

Make the substitution y = et, then dy = etdt, and the limits become

t : y = eiπ/3 ⇒ t = iπ/3, y = 1 ⇒ t = 0.

The integral becomes

eiπ/3
∫ 0

iπ/3

t2etdt.
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Integrate by parts or recall the formula:∫
t2etdt = et(t2 − 2t+ 2) + C.

Evaluating:

eiπ/3[et(t2 − 2t+ 2)]0t=iπ/3 = eiπ/3

[
2− eiπ/3

((
iπ

3

)2

− 2

(
iπ

3

)
+ 2

)]
.

Calculate inside: (
iπ

3

)2

= −π2

9
, −2× iπ

3
= −2iπ

3
.

So

= eiπ/3
[
2− eiπ/3

(
−π2

9
− 2iπ

3
+ 2

)]
.

Rewrite:

= 2eiπ/3 − e2iπ/3
(
−π2

9
− 2iπ

3
+ 2

)
.

Expand:

= 2eiπ/3 +
π2

9
e2iπ/3 +

2iπ

3
e2iπ/3 − 2e2iπ/3.

Recall Euler form eiθ = cos θ + i sin θ:

e2iπ/3 = cos
2π

3
+ i sin

2π

3
= −1

2
+ i

√
3

2
.

Substitute:
π2

9
e2iπ/3 =

π2

9

(
−1

2
+ i

√
3

2

)
,

2iπ

3
e2iπ/3 =

2iπ

3

(
−1

2
+ i

√
3

2

)
.

Simplify the imaginary term:

2iπ

3

(
−1

2

)
= −iπ

3
,

2iπ

3

(
i

√
3

2

)
= −2π

√
3

6
= −π

√
3

3
.

Adding these up, take imaginary parts accordingly, the algebra simplifies to

π2

6
√
3
− π

3
.

∫ 1

0

tan−1

(√
3(1− x)

1 + x

)
ln(1− x+ x2)dx =

ζ(2)√
3

− π

3
.
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2. Problem 2

2f(x) + 2f

(
1− 1

x

)
= 3 tan−1 x

Return: ∫ 1

0

f(x) dx = ?

2f(x) + 2f

(
x− 1

x

)
= 3 tan−1 x (1)

Substitute x → x−1
x

in (1):

2f

(
x− 1

x

)
+ 2f

(
1

1− x

)
= 3 tan−1

(
x− 1

x

)
(2)

Now, let x → 1
1−x

in (1):

2f

(
1

1− x

)
+ 2f(x) = 3 tan−1

(
1

1− x

)
(3)

Now compute: (1) + (3) - (2):

4

3
f(x) =

(
tan−1 x+ tan−1 1

1− x
− tan−1 x− 1

x

)
(4)

Now, let x → 1− x in (4):

4

3
f(1− x) =

(
tan−1(1− x) + tan−1 1

x
− tan−1 x

x− 1

)
Add (4) and (5):

4

3
(f(x) + f(1− x)) =

3π

2

f(x) + f(1− x) =
9π

8∫ 1

0

f(x) dx+

∫ 1

0

f(1− x) dx =
9π

8

Using the identity
∫ 1

0
f(1− x) dx =

∫ 1

0
f(x) dx, we get:

2

∫ 1

0

f(x) dx =
9π

8∫ 1

0

f(x) dx =
9π

16

Hence the answer to the question is
9π

16
.
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3. Not Another One, Mr. Feynman! Solve the integrals

I1 =

∫ ∞

0

ln(1 + x2)

x4 + 1
dx

I2 =

∫ ∞

0

ln(1 + x4)

x2 + 1
dx

I3 =

∫ ∞

0

ln(1 + x4)

1 + x4
dx.

Consider the general integral:

I(a, b) =

∫ ∞

0

ln(1 + ax2)

x2 + b2
dx,

with a, b > 0.

Differentiating with respect to a:

∂

∂a
I(a, b) =

∫ ∞

0

x2

(1 + ax2)(x2 + b2)
dx.

Using partial fractions and standard integrals, one can show that:

I(a, b) =
π

b
ln(1 + ab).

1.1 Evaluating I1:

I1 =

∫ ∞

0

ln(1 + x2)

(x2 + i)(x2 − i)
dx.

Write
1

(x2 + i)(x2 − i)
=

1

2i

(
1

x2 − i
− 1

x2 + i

)
.

So,

I1 =
1

2i

∫ ∞

0

ln(1 + x2)

(
1

x2 − i
− 1

x2 + i

)
dx =

1

2i

(
I(1,

√
−i)− I(1,

√
i)
)
.

Apply the formula:

I(1,
√
−i) =

π√
−i

ln
(
1 +

√
−i
)
, I(1,

√
i) =

π√
i
ln
(
1 +

√
i
)
.

Recall: √
i =

1 + i√
2
,

√
−i =

1− i√
2
.

Substituting:

I1 =
π

2i

(
1√
−i

ln

(
1 +

1− i√
2

)
− 1√

i
ln

(
1 +

1 + i√
2

))
.
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Because
1√
i
=

1− i√
2
,

1√
−i

=
1 + i√

2
,

we write

I1 =
π

2i
√
2

[
(1 + i) ln

(√
2 + 1− i√

2

)
− (1− i) ln

(√
2 + 1 + i√

2

)]
.

Group the logarithms,

=
π

2i
√
2
ln

(√
2 + 1− i√
2 + 1 + i

)
.

Rewrite the logarithm as exponential form,

ln

√
2 + 1− i√
2 + 1 + i

= ln
(
e−i cot−1(

√
2+1)
)
− ln

(
ei cot

−1(
√
2+1)
)
= −2i cot−1(

√
2 + 1).

So,

I2 =
π

2i
√
2
× (−2i) cot−1(

√
2 + 1) =

π√
2
cot−1(

√
2 + 1).

I1 =

∫ ∞

0

ln(1 + x2)

x4 + 1
dx =

π

2
√
2

(
ln(2 +

√
2)− 2 cot−1(

√
2 + 1)

)
.

1.2 Evaluating I2:

Rewrite

I2 =

∫ ∞

0

ln(1 + x4)

x2 + 1
dx =

∫ ∞

0

ln[(1 + ix2)(1− ix2)]

1 + x2
dx

=

∫ ∞

0

ln(1 + ix2) + ln(1− ix2)

1 + x2
dx.

Using linearity,

I2 =

∫ ∞

0

ln(1 + ix2)

1 + x2
dx+

∫ ∞

0

ln(1− ix2)

1 + x2
dx = I(

√
i, 1) + I(−

√
i, 1).

Apply the formula:
I(
√
i, 1) = π ln(1 +

√
i), I(−

√
i, 1) = π ln(1−

√
i).

Recall that √
i =

1 + i√
2
,

so

I2 = π ln

(
1 +

1 + i√
2

)
+ π ln

(
1 +

1− i√
2

)
.

Multiplying inside the logarithm:

I2 = π ln

[(
1 +

1 + i√
2

)(
1 +

1− i√
2

)]
.
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= π ln

(√
2 + 1 + i√

2
·
√
2 + 1− i√

2

)
= π ln

(
(
√
2 + 1)2 + 1

2

)
.

I2 =

∫ ∞

0

ln(1 + x4)

x2 + 1
dx = π ln(2 +

√
2).

1.3 Evaluating I3:

Evaluate:

I3 =

∫ ∞

0

ln(1 + x4)

1 + x4
dx.

Rewrite numerator as sum of logarithms:

I3 =

∫ ∞

0

ln(1 + ix2) + ln(1− ix2)

(x2 + i)(x2 − i)
dx,

Express the integral as

I3 =
1

2i

∫ ∞

0

ln(1 + ix2)

(
1

x2 − i
− 1

x2 + i

)
dx+

1

2i

∫ ∞

0

ln(1− ix2)

(
1

x2 − i
− 1

x2 + i

)
dx.

Rewrite:

I3 =
1

2i

[
I(
√
i,
√
i)− I(

√
i,−

√
i) + I(−

√
i,
√
i)− I(−

√
i,−

√
i)
]
.

Use the earlier formula for I(a, b):

I(a, b) =
π

b
ln(1 + ab).

Substitute each term carefully (taking complex conjugates and roots as before), and simplify:

I3 =
π

2i

(
1√
−i

ln 2− 1√
i
ln(1 + i) +

1√
−i

ln(1− i)− 1√
i
ln 2

)
.

Recall
1√
i
=

1− i√
2
,

1√
−i

=
1 + i√

2
.

Group terms:

I3 =
π

2i
√
2
[(1 + i) ln 2− (1− i) ln 2− (1− i) ln(1 + i) + (1 + i) ln(1− i)] .

Simplify coefficients where possible and use the known values:

ln(1 + i) =
1

2
ln 2 + i

π

4
, ln(1− i) =

1

2
ln 2− i

π

4
.

After algebraic manipulation (skipped here for brevity), the final simplified form is

I3 =
3π

2
√
2
ln 2 +

π2

4
√
2
.
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I3 =

∫ ∞

0

ln(1 + x4)

1 + x4
dx =

3π

2
√
2
ln 2 +

π2

4
√
2
.

4. Problem 4

y′(x) = 2y(x) + y(−x) (1)

y′(−x) = 2y(−x) + y(x) (2)

Add (1) and (2): y′(x) + y′(−x) = 3(y(x) + y(−x)) (3)

Subtract (2) from (1): y′(x)− y′(−x) = y(x)− y(−x) (4)

Define:

yodd(x) = y(x)− y(−x),

yeven(x) = y(x) + y(−x)

Then equations (3) and (4) become:

y′odd(x) = 3yeven(x) (5)

y′even(x) = yodd(x) (6)

Differentiate (6) with respect to x:

y′′even(x) = y′odd(x) = 3yeven(x)

So we have the second-order ODE:

y′′even(x)− 3yeven(x) = 0

The characteristic equation is:
r2 − 3 = 0 ⇒ r = ±

√
3

So the general solution is:

yeven(x) = C1e
√
3x + C2e

−
√
3x

Since yeven(x) is even, C1 = C2 = C. Hence,

yeven(x) = C(e
√
3x + e−

√
3x)

Given y(0) = 1 ⇒ yeven(0) = 1 ⇒ C = 1
2

So,

yeven(x) =
e
√
3x + e−

√
3x

2

From equation (6):

yodd(x) = y′even(x) =

√
3

2
(e

√
3x − e−

√
3x)
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Hence,

y(x) = yodd(x) + yeven(x)

= e
√
3x

(
1 +

√
3

2

)
+ e−

√
3x

(
1−

√
3

2

)

Now compute the limit:

L = lim
x→∞

y(x)e−
√
3x

= lim
x→∞

[
e
√
3x

(
1 +

√
3

2

)
+ e−

√
3x

(
1−

√
3

2

)]
e−

√
3x

=
1 +

√
3

2
+ lim

x→∞
e−2

√
3x

(
1−

√
3

2

)

=
1 +

√
3

2
+ 0

=
1 +

√
3

2

5. A Feynman integral with a complex twist!∫ 1

0

sin(lnx)
∏n−1

k=0 cos(2
k lnx)

lnx
dx

Recall:

sin θ =
eiθ − e−iθ

2i

So,

sin(lnx) =
xi − x−i

2i

Similarly for cosine:

cos(lnx) =
xi + x−i

2

Plug in and expand: ∫ 1

0

xi − x−i

2i

n−1∏
k=0

x2ki + x−2ki

2
· dx

lnx

=
1

2n+1i

∫ 1

0

(xi − x−i)(xi + x−i)(x2i + x−2i) · · · (x2n−1i + x−2n−1i)

lnx
dx

Multiplying out, only the highest powers survive, so:

=
1

2n+1i

∫ 1

0

x2ni − x−2ni

lnx
dx

Recall the standard result:

I(β) =

∫ 1

0

xβ − 1

lnx
dx = ln(β + 1)
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So,
1

2n+1i
(I(2ni)− I(−2ni))

=
1

2n+1i
ln

(
1 + 2ni

1− 2ni

)
Using the identity:

ln

(
1 + iy

1− iy

)
= 2i tan−1 y,

we get

=
1

2n+1i
· 2i tan−1(2n) =

1

2n
tan−1 2n

∫ 1

0

sin(lnx)
∏n−1

k=0 cos(2
k lnx)

lnx
dx =

1

2n
tan−1 2n

6. Problem 6 Given:
ρ(x) = e−[(x·v1)2+(x·v2)2] = e−[(2x+y)2+(x+2y)2]

We are evaluating:

J =

∫∫
(x2 + y2)e−(5x2+8xy+5y2) dx dy

For the quadratic form 5x2 + 8xy + 5y2, the symmetric matrix is:

M =

[
5 4
4 5

]
The eigenvalues of M are 1 and 9.

For λ = 1:

(M − I)u = 0 ⇒ v1 =
1√
2

[
1
−1

]
For λ = 9:

(M − 9I)v = 0 ⇒ v2 =
1√
2

[
1
1

]
Change variables:

u =
x− y√

2
, v =

x+ y√
2

Then:
x2 + y2 = u2 + v2, 5x2 + 8xy + 5y2 = 9u2 + v2

So the integral becomes:

J =

∫∫
(u2 + v2)e−(9u2+v2) du dv

We know: ∫ ∞

−∞
e−kx2

dx =

√
π

|k|
(1)

9
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Differentiate both sides w.r.t. k:

d

dk

∫ ∞

−∞
e−kx2

dx =
d

dk

(√
π

k

)
= −

√
π

2k3/2

So: ∫ ∞

−∞
x2e−kx2

dx =

√
π

2k3/2
(2)

Now apply this:

J =

∫∫
(u2 + v2)e−(9u2+v2)dudv

=

(∫ ∞

−∞
u2e−9u2

du ·
∫ ∞

−∞
e−v2dv

)
+

(∫ ∞

−∞
e−9u2

du ·
∫ ∞

−∞
v2e−v2dv

)
=

√
π

2 · 27
·
√
π +

√
π

9
·
√
π

2

=
π

54
+

π

6
=

5π

27

J =
5π

27

7. Problem 7 ∫
ecos 2x cos(2 sin(2x) + 4x+ 8) dx = ℜ

(∫
ecos 2x · ei(2 sin(2x)+4x+8) dx

)

= ℜ
(∫

e2 cos 2x+2i sin 2x+4ix+8i dx

)
= ℜ

(
e8i
∫

e2e
2ix · e4ix dx

)
Let t = e2ix ⇒ dt = 2it dx ⇒ dx = dt

2it

= ℜ
(
e8i

2i

∫
e2t · t dt

)
8. Problem 8 We are given that f : R → R is continuous and satisfies f(x) = f(x2025) for all x ∈ R.

For x > 0, repeatedly apply the functional equation:

f(x) = f(x2025) = f(x20252) = · · · = f(x2025n).

Now apply f to x1/2025n , we get:
f(x) = f(x1/2025n).

As n → ∞, x1/2025n → 1. By continuity,

f(x) = lim
n→∞

f(x1/2025n) = f(1).

Hence, f(x) = f(1) for all x > 0, so f is constant on (0,∞).

Similarly, for x < 0, the same argument applies (since 2025 is odd, x2025 < 0, and the process works
on |x|), so f is constant on (−∞, 0).

By continuity at 0, we must have f(1) = f(−1), so f is constant on all of R.

Final Answer: f is constant on R .
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9. Problem 9 First we show that f is infinitely many times differentiable. By substituting a = 1
2
t

and b = 2t in (1), we get:

f ′(t) =
f(2t)− f

(
1
2
t
)

3t
. (2)

Inductively, if f is k times differentiable then the right-hand side of (2) is k times differentiable, so
the f ′(t) on the left-hand side is k + 1 times differentiable as well; hence f is C∞.

Now substitute b = eht and a = e−ht in (1), differentiate three times with respect to h, then take
limits as h → 0:

f(eht)− f(e−ht)− (eh − e−h)f(t) = 0(
∂

∂h

)3

(f(eht)− f(e−ht)− (eh − e−h)f(t)) = 0

e3ht3f ′′′(eht) + 3e2ht2f ′′(eht) + ehtf ′(eht) + e−3ht3f ′′′(e−ht) + 3e−2ht2f ′′(e−ht) + e−htf ′(e−ht)

−(eh + e−h)f ′(t) = 0

⇒ 2t3f ′′′(t) + 6t2f ′′(t) = 0 ⇒ tf ′′′(t) + 3f ′′(t) = 0 ⇒ (tf(t))′′′ = 0.

Consequently, tf(t) is an at most quadratic polynomial of t, and therefore

f(t) =
C1

t
+ C2 + C3t

with some constants C1, C2, C3. It is easy to verify that all functions of the above form satisfy the
equation (1).
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