Mathematics Guild Guild PS-5

Mathematics Guild
Problem Set - 5

Challenge posed on: 22/07/2025 Challenge conquered by: 31/07/2025

1 Solutions

1. Real answers live in imaginary places? Evaluate:

/1 tan~! <M> In(1 -z + 2%)dz

1+z

Solution steps:

l1-z+2%= 2(3(1—$)2+(1+x)2),

! 1 1—
:%/ ln2< +x+i\/§( x)) dz,
0 2 2

! 141 1—1
:/ 1112( +Z\/§+x z\/§> dx,
0

2 2
1 . .
= / In? (6”/3 4F :Ue_”/?’) dz.
0
Substitute ‘ . .
y = ez7r/3 + :L,e—wr/?)’ dy _ 6_”/3dx,

SO
dx = e™3dy.

Changing integration limits:
r=0 = y=€e"3, =1 = y=14e"Be B =14+1=147

Actually, since y = e™/3 + ze="/3, at x = 1,
: . 1
y = 6171’/3 + e—m/3 — 2COS(7T/3) =92. 5 = 1.

So,

1 1
/ In?(e™/3 + ze="/3)dx = e”/g/ In*(y)dy.
0 e

i /3

Make the substitution y = €', then dy = e'dt, and the limits become

im/3

t: y=e"=t=ir/3, y=1=t=0.

The integral becomes
0
eim/3 / t2e'dt.
iw/3

1
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Integrate by parts or recall the formula:

/t%tdt =e'(t* -2t +2)+C.

Evaluating:

e™/3let (12 — 2t + 2)]?:i,r/3 — /3 [2 — /3 ((%) -2 <%) + 2)

Calculate inside:

o 4 : 7 2w
— /3 [2 —etm/3 (_E — 3 + 2)} :
Rewrite: | | g
= 2¢im/3 _ g¥im/3 (—3 — 3 + 2) .
Expand:

2 .
— ¢im/3 4 7T_62i7r/3 + 2@_7T62m/3 _ 9p2im/3
3

0

Recall Euler form e? = cosf + i sin 6:

) 2 2 1 3
e2im/3 — cosg + ising = —3 —l—i\/—_.
Substitute:
™ s T (L V3
9 9 2 2 |’
i .
§T ey _ 2 (1 VY
3 3 2 2

Simplify the imaginary term:

2% ( 1> _ im 2r (ﬁ) _ 23 _ 3

6 3

3

2

3 3

2

Adding these up, take imaginary parts accordingly, the algebra simplifies to
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2. Problem 2 .
2f(x) +2f <1 — —) =3tan"'x
75

Return:

/Olf«c)da::

xr —

2f(a:)+2f< 1):3tan_1x (1)

Substitute x — ””7’1 in (1):

2 f (x;l) +2f (ﬁ) = 3tan~! (xgl) 2)

Now, let & — = in (1):

of (1:@) +2f(z) = 3tan~! (1ix> (3)

Now compute: (1) + (3) - (2):

4. L1 a1
3f(ac)—(tan x + tan 1_x—tan " ) (4)

Now, let x — 1 — x in (4):

4 1
gf(l —z) = (tan_l(l —z) +tan™? i tan™* " f 1)

Add (4) and (5):

3

4
g(f(x)Jrf(l—fﬁ)):?

fa)+ -2y =2

/Olf(a:)dx%—/olf(l—x)dx:gg

Using the identity fol f(l—x)dr = fol f(x)dx, we get:

! I
2/0 f(z)dx = 5

! 9
/O f(x)dxzﬁ

97
Hence the answer to the question is 6l
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3. Not Another One, Mr. Feynman! Solve the integrals

ool 1 2
h:/ —n(4+x)dm
0 z*+1

ool 1 4
IQZ/ —n(2+x)dm
0 e+ 1

ool 1 4
]3:/ —ni +a4:)dx.
0 +x

Consider the general integral:

> In(1 + az?)
I = _—
(a,5) /0 x? + b2 4z,

with a,b > 0.

Differentiating with respect to a:

9 I(a,b) / h o d

—JI(a = 950

da o (14 ax?)(z? + b?)
Using partial fractions and standard integrals, one can show that:

I(a,b) = %111(1 + ab).

1.1 Evaluating [;:

o] 2
I - / In(1 + z°) Ji.
o (

2?2 +10)(x? — 1)

Write
1 YR
(x2+4d) (@2 —d) 2% \a2—4 x2+i/’
So,
L= 001(1+ %) L d—1<l(1\/—')—l(1\f)>
1= ), T e T T e )T VYT VR

Apply the formula:

I(1,v=i) = =M (1+V=i), I0,Vi)="m(1+Vi).

1

Recall:

Substituting:
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Because ) )
1 1—1 1 142

Vi VEZovVei V2

Lo (V21— D (V214
(1+4)In (T) —(1—4)In (T)

7 | \/§+1—i
e n o
2i\/2 V2+1+i

Rewrite the logarithm as exponential form,

we write

[1:

T
2i\/2

Group the logarithms,

1 _ . _ 9 —
?JF o ' (eﬂcot W?H)) —In (emt 1<ﬂ“>> = —2icot™ (V2 +1).
2+ 1

So,

X (—2i) cot™H (V2 +1) = T cot T (V2 + 1).

I— T
27 22 Vo

_ [Wn(l+2?), ow -1
Il—/o AT d$—2\/§<1n(2+\/§)—200t (\/§+1)>

1.2 Evaluating Is:

Rewrite
12:/°°1n12—|—a: /Ooln [(1 +iz?) 1—i$2)]dx
o x2+1 0 1+ 22
*1In(1 +iz?) + In(1 — iz )
:/0 1+ 22 da

Using linearity,

12:/“’ MdH/“MCm:1(\/2,1)”(—%,1).

1422 1422

Apply the formula:

I(Vi,1) = wln(1 +V4), I(—Vi,1) = 7ln(1 — V).
Recall that

-
=100
V2

142 1—2
L=rln(1+ frln (14 .
27 ( \/§> m( \/ﬁ)

Multiplying inside the logarithm:

L =nln [<1+ 1\;;) (1 - 1\;;)} .

5

SO
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g (V214 V21 (V24 1)+
=T \/i \/5 =T —2 5

> In(1 + z*)

1.3 Evaluating Is:

Evaluate:

00 4
pe [TROTE,
0 1"—37

Rewrite numerator as sum of logarithms:

00 P2 ),
I :/ In(1 +;x ).—l— In(1 ~ )dx,
0 (2 +1i)(x2 — 1)

Express the integral as

1 [ 1 1 o ee 1 1
I, = — In(1 + iz? — dr + — In(1 — iz? — dz.
T d +m><x2—i :v“r@') x+2@' 0 n( 293)(3:2—@ w2+i) !

Rewrite:

Iy = o [FVa V) — I/ —Vi) + (- Vi) — I —)].

Use the earlier formula for I(a,b):
I(a,b) = %ln(l + ab).

Substitute each term carefully (taking complex conjugates and roots as before), and simplify:

m 1 1 1 1
Ii=—|—mh2—- —In(l+7 In(l1—¢)——=In2).
3 2i< —Im 7 n(l+1i)+ = n(1l—1q) T n )

1 1—1 1 1+

Vi Ve VE VR

Recall

Group terms:

T
Ii=——[(14+9)In2—-(1—-4)In2—-1—-¢In(1+1:¢)+ (1+4¢)In(l —1)].
322.\/5[()()()()()()]

Simplify coefficients where possible and use the known values:

N s N1 s
1n(1+z)—§1n2+zz, ln(l—z)—§1n2—zz.

After algebraic manipulation (skipped here for brevity), the final simplified form is
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* In(1 + z*) 3m w2
I3 = dr = In2+ .
’ /0 14 4 22 42

4. Problem 4
Y (z) = 2y(z) + y(—2) (1)
y'(—z) = 2y(—=) + y(z) (2)
Add (1) and (2): ¢/ (z) + 3/ (—2) = 3(y(z) + y(-2)) (3)
Subtract (2) from (1): '(z) —y'(—x) = y(z) — y(—2x) (4)
Define:
Yoda(x) = y(x) — y(—x),
yeven(x) = y(l‘) + y(—fl))
Then equations (3) and (4) become:
Yoad () = 3Yeven () (5)
y;ven(x) = yodd(x) (6)

Differentiate (6) with respect to x:

Yeren(T) = Yodd () = 3Yeven ()

So we have the second-order ODE:
y(/a,ven(x) - 3yeven(5€) =0

The characteristic equation is:
r?—3=0 = r=%V3

So the general solution is:
Yeven (L) = CreV3® 4 Cpe V3

Since Yeven () is even, C1 = Cy = C. Hence,

yeven(w) = C(e\/gx + 6—\/§w)

Given y(0) = 1 = Yeven(0) = 1= C = %

So,
eV3e + e~ V3e
yeven(x) - #

From equation (6):

3
£ (ex/gr _ 6—\/3:10)

yodd(x) - yéven(‘r) - 9
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Hence,

y(x) = yodd(x) + yeven(@

()

2 2

Now compute the limit:

L = lim y(z)e V3"

T—00

= lim [e\/gl“ <—1 +2\/§> + ef‘/gm <—1 _2\/§>] efx/gsc
Tr—r00

VB v (—1 - ‘/§>

2 T—00 2

1
_LHV8

=

2
1+
2

5. A Feynman integral with a complex twist!

. n—1
/1 sin(Inz) [[;_, cos(2¥Inx) "
0

Inz
Recall: ’
0 6—10
o —
sin 5
So, . .
7t —
(1 _
sin(In x) 5
Similarly for cosine: A ,
cos(lnz) = v

Plug in and expand:

/1 —x 7t ﬁ x4 g2y
0 2 2 Inx

k=0

dx

1 /1 (_le — Qj_l)(xl + x—i)(x% + w—2i) . (xgn—li + x_2n_1i)

ontlg Inz

Multiplying out, only the highest powers survive, so:

1 1 2% g—2mi
= dz
2”*%/0 Inz

L8
1(8) :/0 L gz = (8 +1)

Inz

Recall the standard result:

8
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So,
1

2n+1l'

1 | 142"
= n
Dy 1—2m

Lt
In ( + Zy) = 2itan 'y,
11—y

(I(2"i) — I(=2"1))

Using the identity:

we get

1
- 2itan~*(2") = o tan~'2"

~ on+ly

. n—1
/1 sin(Inz) [h—, cos(2* Inz) dp — 1 tan—19"
0 Inz 2"

6. Problem 6 Given:

—[(x-v1)?2+(x-v2)?] —[(2z+y)?+(z42y)?]

p(x)=e =e

We are evaluating:
J = //(:1:2 + y2>67(5m2+8xy+5y2) dz dy

For the quadratic form 522 + 8xy + 532, the symmetric matrix is:
5 4
-

The eigenvalues of M are 1 and 9.

For A\ =1: ) .
<M_])UZO:>V1:E[_J
For A\ =0: ur
(M—9I)V:0:>V2=E|:1:|

Change variables:

Then:
2 +y? =u’ +0°, 52+ 8xy + 5y* = Ju* + 0

So the integral becomes:

J= //(u2 + v2)e= @) gy do

Oofxz T
/ e M dr = I (1)

o0

We know:
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Differentiate both sides w.r.t. k:

Now apply this:

// u? + v?) 7(9“ %) dudy
— (/ e duy - / dv) (/ 6_9“2du-/ U2€_U2d’li)

w‘\f+vf Vi

T 997
_7T+7T
54 6 27
5%
J==
27

7. Problem 7

/ECOS 2z COS(2 Sln(2x> + 4x + 8) dr = §R (/ e®® 22 €i(2 Gin(25) e ) dI)
— éR </ 62605 2x+2i sin 2x+4ixr+8i dl’) — §R <e8i / 62621'30 ) €4ix dl’)

Let t = €?* = dt = 2itdx = dzx = g—;
&
:%(e—,/ezt-tdt)
21

8. Problem 8 We are given that f: R — R is continuous and satisfies f(x) = f(22°%°) for all x € R.
For x > 0, repeatedly apply the functional equation:

f@) = F@) = [@) = - = [@).

n
1/2025" e get:

Now apply f to x
fla) = fa'/?").

— 1. By continuity,

fz) = lim f(a!/*%") = f(1).

n—o0

1/2025™
Asn — oo, 2t/

Hence, f(z) = f(1) for all > 0, so f is constant on (0, c0).

Similarly, for z < 0, the same argument applies (since 2025 is odd, %% < 0, and the process works
on |z|), so f is constant on (—oo,0).

By continuity at 0, we must have f(1) = f(—1), so f is constant on all of R.

Final Answer: ‘ f is constant on R‘.

10
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9. Problem 9 First we show that f is infinitely many times differentiable. By substituting a = %t
and b =2t in (1), we get:

riy =L 1G, 2)

Inductively, if f is k£ times differentiable then the right-hand side of (2) is k times differentiable, so
the f’(t) on the left-hand side is k£ + 1 times differentiable as well; hence f is C*°.

Now substitute b = et and a = et in (1), differentiate three times with respect to h, then take
limits as h — 0:

e"t) — f(e™"t) — (" —e ") f(1) =0
(%) J(eh) — (" — ) (1) = 0
e [ (") + 3”7 f7 (€M) + et f (€M) + e (e7t) + e (e7t) + e f (e )
—(e"+e™f(t) =0
= 20 f"(t) + 67 f"(t) = 0 = tf"(t) + 3f"(t) = 0 = (¢f(t))" = 0.
Consequently, ¢f(t) is an at most quadratic polynomial of ¢, and therefore

C
flt) = 71 + Cy + Cst

with some constants C7, Co, C5. It is easy to verify that all functions of the above form satisfy the
equation (1).

11
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